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SOLUTIONS OF PEOBLEMS. 295 

24S. Proposed by e. T. bell, Seattle, Washington. 

If u n +i = 4m„+i — w„, with ito = 2, Mi = 4, prove that the An, whose sides are u n — 1, u nt 
w„ + 1, has an integral area; also that all triangles, An, whose areas are integers, and whose sides 
are consecutive integers, are given by this process. Hence show that, as n increases, the area An 
approximates ( -V3/4)m„ 2 , and find the degree of approximation. 

Solution by William Hoover, Columbus, Ohio. 

Integrating, 

«. = Ci(2 + V3)» + 0,(2- >l3)». (1) 

When n = 0, Mo = 2, and when n = 1, «i = 4; then 

2 = d + (V • • (2) 

4 = Ci(2 + a/3) + 0,(2 - V3). (3) 

(2) and (3) give Ci = 1, Ci = 1; so (1) becomes 

«» = (2 + V3> + (2 - -sl3> (4) 

Taking « n as the second of three consecutive numbers, u n — 1, «n + 1 are the others, and the 
area 

An = i V3{(2 + -sl3> + (2 - -v/3>} 2 [{(2 + V3> + (2 - ^3)»} 2 - 2 2 ] 

= i{(2 + V§)» + (2 - V3)»}V3[{(7 + 4>/3> + (7 - 4a/3)»} - 2]- • ■. (5) 

The expression under the radical sign must be shown to be a perfect square. For n = 1, 2, etc., 
this is the case. For the extreme case, 



lim A„ = lim J{(2 + V3> + (2 - -s(3)»} 2 V3 \\l 



».=» »i«> ' ' \ (2 + V3> + (2 - V3> 

= i{(2 + V3> + (2 - V3)»} 2 >/3 = i^u n \ 

249. Proposed by CLIFFORD N. mills, Brookings, S. Dakota. 

A perfect number is a number which is equal to the sum of all its different divisors. In an 
old book on mathematics, the following method is given without proof for determining perfect 
numbers. The number 2 n-1 (2' 1 — 1) is a perfect number, if 2" — 1 is a prime number. Prove 
the formula. 

Solution by Mbs. Elizabeth Bbown Davis, U. S. Naval Observatory, 

Washington, D.'C. 

The sum of all the divisors of 2 n_1 , including unity, is 

1 + 2 + 2 2 + 2 3 + • • • + 2»- 3 + 2"-* = 2"- 1 - 1. 

If 2™ — 1 is prime, the sum of all the divisors of 2" -1 (2 n — 1) is equal to the sum of all the divisors 
of 2" _1 , including unity, plus the product of the sum of these divisors into (2 n — 1), plus 2 n_1 . 
Hence, the sum of all the divisors of 

2»-i(2» - 1) = 2»~ l - 1 + (2"- 1 - 1)(2» - 1) + 2"- 1 

= 2.2"- 1 - 1 + (2"- 1 - 1)(2» - 1) 

= 2" - 1 + (2-- 1 - 1)(2» - 1) 

= 2»-i(2» - 1). 

Therefore, 2 B-1 (2* — 1) is a perfect number. Q. E. D. 

Also solved by H. N. Cableton, Elijah Swift, J. H. Weaver, J. W. 
Baldwin, E. B. Escott, H. C. Feemster, and J. W. Clawson. 



